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Elements of Information Theory
Discrete Information Source

Source symbol — a random variable X assuming values X, X,, X;,....

X; belongs to an alphabet — = {é:l R 52 9“"§M }

PX (xi ) = P(xi ) probability that the outcome of X is X,

The sequence of symbols X, X,, X5,...X;

shows a probability of occurrence P(x1 » X, ,“,xk)
SRETELECOM LAB
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The data generated by a discrete can be described by making use of a discete random variable
The random variable assumes with a given probability values belonging to an alphabet. The
alphabet and the probability associated to the r.v. outcomes characterise the source.

A source is said to be stationary if:

P(xl,xz,""xk,): P(x1+h,x2+h,"'xk+h,)
For any integer k and h.

The source generates independent symbols if:

P(xl,xzﬁ....xkﬁ)z P(xl ) P(x2 ) ...P(xk)
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Information and Entropy

The information content associated to a single event (symbol) is defined as:
I(x;)=~log, P(x,)=log, —— (bit)
P(xl)
The information contained in two independent events:
Ix,x,)=1(x,)+1(x,) (bit)
The entropy of a random variable is defined as:

ZP -log,[P(x,)]= E[1(X)] (bit/symbol)

STELECOM LAB

The information carried by the i-th symbol is > 0 and coincides to 0 just in case the occurrence
probability of that symbol is 1

P(x,)=1

Being M the possible outcomes (the possible symbols), they are identified in a binary
representation, by words of

log, M

bits. It can be intuitively said that the lower is the outcome probability, the higher is the
information carried by that event. The information is defined as a logarithmic function of the
outcome probability. The information associated to two independent events of probability
P(x)*P(x)), is:

I(xl.,xj): —logz[P(xl.)-P(xj)]: I(xl.)+ I(xj)

The entropy is tied to the average content of information generated by a source according to an
alphabet of M symbols.
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Information through an example

N elementary uniform probability of occurrence
events of the elementary events
e & P(e J.)

{

N-P(e;) = number of elementary
events in event e,

4

uncertainty of the overall phenomenon:
log, N a

I (e,): uncertainty reduction due to e,

I(e,)=log, N ~log,[N - P(¢,)]=~log, [Ple, ]
SREIELECOM LAB
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The information represents the reduction of uncertainty deriving from the occurrence of a
given event. In the example of the above figure, the occurrence of the event e, reduces the
uncertainty in relation to the overall phenomenon

Through these considerations it is clear how the information tied to a given event is increasing
with the decreasing of the outcome probability of the event itself.
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‘Some properties of entropy

. Maximum value reached with uniform
limits () < H(X) <log,M = gistribution: P(x)=1/M; i=1,2,..M

convexity H(aX +BY)> aH (X )+ pH(Y)

H(X,Y)= -> P(x, y)log, P(x,y)=—E[log, P(x, y)]
x?y
example

x, = P(x,)=0.1

} H(X)=1 } H(X)=0.469

x, > P(x,)=0.9

x, = P(x,)=0.5

x, = P(x,)=0.5

The entropy of a random variable X is a symmetric function. It reaches the maximum value
when the random variable is characterised by a uniform distribution.

The entropy represents the mean level of un-determination generated by the source (it is
expressed in bits due to the binary base chosen for its representation)

The joint entropy represents the un-certainty about the two joint variables (X,Y). In case the
two variables are independent:

H(X,Y)=H(X)+H(Y)

The expression may be extended to any number of independent random variables.
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‘ Some properties of entropy (l)

conditional entropy

H(X/Y)==Y"P(x,y)-log,[P(x/ y)|=—E[log, P(X /)]
H(X,Y)==)" P(x,y)log, P(x,y)
X,y ﬁ
P(y)-P(x/y)

il
HX,Y)=H(X)+H(Y/X)=H(Y)+H(X/Y)

STELECOM LAB
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The conditional entropy represents the uncertainty of X conditioned to the knowledge of Y.
The relationship arising between H(X,Y); H(X) and H(X/Y), states that the uncertainty of

(X,Y) is the sum of the uncertainty of X and the uncertainty of Y given X.
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Source coding

average entropy per symbol: H=lim— H(XO ) X2 geo Xk )
k—o
M
average # of bits used to code symbols: n= Z P(xl, )nl,
i=l1

For stationary and independent sources, some
source coding exists such that: ¢= Shannon theorem

H(X)<n<H(X)+1

n may approach indefinitely H(X) through
appropriate source codes

coding efficiency: H(X)

— STELECOM LAB

A source generates un-limited sequences of symbols. It is suitable to define the mean number
of bits per symbol, through a limit function (figure). For an independent source, symbols are
independent hence:

H= 1imlH(XO,X2,...Xk)= H(X)

k—o0 k

The source can be encoded by making use of a code of fixed length. In this case, if

= = {é‘l,fz,.... (,EM}

is the alphabet used, each symbol must be represented by a binary vector whose length is at
least log, M (log, M is the minimum number of bits per symbol needed to encode the source
of information.

Conversely, a variable length encoding can be adopted. For instance, one can use n, bits to
encode the symbol x;, where n, is tied in some way to the probability P(x;) of occurrence of x;.

If the source symbol are independent and identically distributed, then the efficiency of the
source encoding is measured by making use of:

n= ZZI niP(xi)

An optimal source encoding is the one that minimises the mean number of bits per symbol.
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Examples

Let the alphabet be: A, B, C, D, E
Lol

. . [
with probability 0.6,0.1,0.1,0.1,0.1
of occurrence:

fixed length coding variable length coding

A 000 0 -
B 001 100 Shannon limit H(X) =1.77
Cc 010 101
. : 1.77
D 011 110 coding efficiency 7 =——
n
E 100 111
n=3 =18
ggrﬂfcgm LAB

The example shows how the use of a non-uniform source encoding can reduce the mean
number of necessary bits.

The length of the word encoding the single symbol must be a function of the occurrence
probability of the symbol itself.
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‘Approaching the Shannon limit through
block coding

X independent source

X1 X2 X3 X4 X5 X6 X7 X8 X9 X1 0
—0 @ @ 1o} Q@ Q@ L @ L @ @ @ L >
~ J ~ J - J - J t
Y, Y, Y, Y,

Source symbols are grouped in blocks of m symbols each and coded
with 7, bit in average per symbol

Shannon theorem

applied to the H(Y)<7, <H(Y)+1 H(X)S ﬁSH(X)-I—
block coding

=

with = H(Y)=m-H(X)

ETELECOM LAB
0

The Shannon limit can be indefinitely approached if a block encoding is adopted.
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Optimal encoding

Binary code:
for an alphabet of M symbol, each one coded with a word of n, bit (i=1,2,...M)

..... the code existence condition is: Zi C - 2 <1

ey +ey 20T e 20T <o

C i . number of symbol coded with a code of depth n,

STELECOM LAB
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As said, aiming at an optimal source encoding means to adopt a code tied to the occurrence
probability of the symbols.

If a binary tree is used to describe the code, the condition of the figure guarantees the existence
of the code.

For each code of depth n;, ¢; symbols are encoded by using ¢; words among the 2 available
(leaves) at that depth level.

The number of leaves c; utilised at the depth n; inhibits the use of:

Cl . 2(nm _ni)

leaves of depth n,, (n; in the figure).
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. . X P(x)= 0.5
‘Codlng construction P
Xa 0.3
T x 0.1
1 . ///

w-_X2 0.05
resulting source coding
xs= (1) T Xy 0.05

= (01

X4 (01) - H(X)
x;= (001) —>n=1.6 =) code efficiency 17 =——=
x,= (0001) n
x, = (0000) » EESTELECOM LAB

An optimal source code is the one minimising the mean number of bits per symbol needed to
represent the source itself.

The method reported in the figure (Huffman) allows to construct an optimal encoding. It is
based on the association of the leaves of a binary tree to the symbols, performed with the
criterion of assigning the higher depth to the less likely symbols.

The procedure continues until the tree root is reached. The symbols are arranged in the
decreasing order of occurrence probabilities.
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Average mutual information

source X — output Y
transmission
— —
channel average mutual information
i} {yi d

1(x,7)=3"3 P(x,x,) log{P(xi s ’)} :E[log2 X”}
i ’ P(‘xi X
H(X) H(Y/X) |
- wnl 1(X,Y)>0
— J o I(xY)=H(X)-H(x/Y)=
i H(X/Y) i H(Y) i :H(Y)_H(Y/X)
i H(X.Y) i 2 SRErELECON LAB

The figure represents a discrete transmission system. The mutual information arising between
two symbols x; and y; respectively transmitted (input) and received (output) through the
system, is defined as the measure of the information transferred by the channel when, being x;
transmitted, y; is received.

I(x;/y;) is the measure of the uncertainty remaining on x; being y; the received symbol.

Plx, 1y, )}

I(xi,yj): I(x)—l(xl. /y_,.): —log, P(x,)+log, P(xi /y_,.): log{w
If no error arise on the channel, then:

](xl. /yj)z 0 in fact :P(xl. /yj)z 1; from which :I(xl.,yj)z I(xl.)

If y; is independent from x; we have: I(x;,y;)=0. By using the expression:

I(xi/yj)zl(xi)_l(xi’yj)

The mean value of the mutual information I(X,Y) in function of the entropy of X and of the
entropy of X conditioned toY:

H(X/Y)=H(X)-1(X,Y)

The latter expression indicates that the mean information per symbol transferred through the
channel equals the average source entropy diminished by the conditional entropy H(X/Y).
Being [(X,Y) > 0, we have: H(X) > H(X/Y) that is, the conditioning effect does not increase
the entropy. In other words, the reception of Y contributes in any case to reduce the

uncertainty on the symbols generated at the input of the channel.
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Channel capacity

Example — binary channel

Channel capacity: C = max ](X, Y)
Plx;

1

V2

Discrete channels:

* binary (symmetric-non symmetric)

* binary with cancellation

* generic symmetric

« symmetric with cancellation and
error

p,q error probabilities

The objective is of course determining the input X given Y.

This lead to minimise H(X/Y) namely the uncertainty on X having received Y.
Being H(X/Y) = H(X) — I(X,Y) it would be needed to maximise I(X,Y), namely the mean

information per symbol transported by the channel.

However, it is impossible increasing the mutual information through operations applied once
the signal has been received (this is an intuitive statement).

Let’s assume that an alphabet has been defined for the input symbols and an alphabet has been
defined for the output symbols. Given the transmission channel, the mutual information is just

function of the symbol emission probability of the source. The channel capacity is just

function of this probability.
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Binary channel

P('xl):a B4

& C= mSX[H(Y)— H(Y/X)

A==

N
/
N

a

withp=q:
C=1+plog, p+(1-p)log,(1-p)
3 §=rﬂfcgm LAB

In the example above, the channel capacity is calculated in function of a.

P(y)=a(l-p)+(1-a)g;  Py,)=1-[a(l-p)+(1-a)]

from which:

H(Y)Z—P(yl)10g2 P(yl)—P(y2)10g2 P(Yz)

H(Y/X) = —IZZP(xl.,yj)- logzP(yl. /xj):

== P(x)Y Py, /3, Jlog, Py, /x,)

The derivative of I(X,Y) is then put to 0 and the related value of a is calculated (function

convexity):

aI(X,Y)

oa

Pag. 14




Sources and channels — the continuous case

Px)=5-plx)

x(1) p(x)

samples t 'x. =i-Jl X

abs hm[ Z P\X 5 ‘log, (p(xi)' 5)]

0—0

absolute entropy:

developing log, and substituting I with [ absolute entropy ma be written:

H(X) =— Tp(x)log2 p(x}lx (bit/sample)

Hy(X)=~limlog, & (bit/sangled,ccon 45

15

H, (X)=H(X)+H,(X)where: {

In the case of a continuous source of information, the sampling theorem must be applied to
reduce the generated information to a sequence of discrete signals.

Let x(t) and B respectively the signal and the bandwidth generated by the source. The
sampling theorem allows to represent exhaustively the signal through samples performed
with a period of 1/2B.

The sample values are described by a random variable X characterised by a defined
probability distribution con p(x). The process is assumed to be:

* stationary (p(x) does not depend on time)
* without memory

The random variable X is approximate through a discrete random variable assuming the
following values:

x,=i-0; 1=0,£1,+2,+3,.. with P(xl.)z p(xi)~5

If we look at the expression calculated for the absolute entropy (figure), Hy(X) represents the
reference entropy of the random variable X. with 6— 0 H(X) goes to infinity. The random
variable X is in fact continuous and the samples take an infinite number of values.

H(X) is the differential entropy (it is the differentiating element among different sources).
Note that H(X) can assume positive or negative values in function of p(x).
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Max entropy for a limited power source

p(x) that maximises relative entropy H(X)

2 Gaussian function with
( )_ 1 Y- - average value = 0
pP\xY)= € « variance = average source power
N2rno

corresponding to the relative entropy:

g

H(X)= %log2 (272'60'2)

STELECOM LAB
"

To calculate the function p(x) that maximises the entropy previously defined, the Lagrange
multipliers method is used. The latter is based on the fact that the maximum value of H(x)
results from both the (unknown) p(x) maximising the entropy and from a function including
the constraints the p(x) must obey to. If S is the mean power generated by the source, these
constraints are:

S = szp(x)dx and Ip(x)dx =1

To obtain the maximum value of the entropy, the distribution p(x) obtained in this way is to be
used in the formula giving the relative entropy.

Note that the relative entropy of a source does not change in case the source distribution p(x)
has a non null mean p (translation of p with respect to 0). From the definition of entropy it is in
fact apparent that the latter is invariant with respect to translations. But the mean-translated
source utilises a transmission power that is greater than the zero-mean source:

E[)c2]=02+,u2

On the signal transmission side, it is then essential to use zero-mean functions.
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Entropy vs. spectrum

spectral self-correlation
density (f) function
n, 1/2F
/ —y H(X)= —log2 2mec’
F f S
spectral
density (f)

1 1§
=  H(X)= ~log, 2meF +—— { log, S(f)df

§= TELECOM LAB

The maximum value of the relative entropy has been calculated under the assumption that the
samples of the original function were independent. It can be shown that the independence
condition holds just when the function has a uniform spectral density n, (figure). In fact, in this
case, the self-correlation function of the original function vanishes in the multiples of the
sampling time t = i*1/2F if F is the band of the process (figure).

Whenever the gaussian process does not a uniform spectrum, the relative entropy becomes:

H(X)= %logz 27eF +— j log, S(f)df

The expression assumes 1ts mlnlmum value when S(f) becomes:

S(f)= in fact : o’

- F =
Fromthe aon/e remarks, it Caﬁ be noted that the gaussian process S(f) (with mean power S)
that maximises the relatlve entropy must have a uniform spectral density.
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‘Mutual information and channel capacity

average mutual information:

+00+00

/
](X’Y): j Ipx,y(x,y)logzmdxdy

e py(x)
% py(y/x)

py(y)

relation between mutual information, relative entropy, conditional entropy:

1(X,Y)=H(Y)-H(Y/X)=H(X)-H(X/Y)

STELECOM LAB
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The transfer of the information x(t) generated by the source on a continuous channel generates
as channel output, a signal y(t) whose two-way association with x(t) must be established by the
receiving side.

The average mutual information maintained by Y, being X the transmitted signal has already
been considered in the discrete case.

The relationship between I(X,Y), H(X), H(X/Y) and those equivalent conditioned to X) are
obtained by introducing the information (definition):

I(x,y)=1(x)=1(x/y)

Note that [(X,Y) is, as in the discrete case, the difference between two entropies. With
reference to the absolute entropy, one can argue that the mutual information I(x,y) eliminates
this divergence.

By integrating over x and y the previous expression becomes:

I(X,Y)=H(X)-H(X/Y)

where:

+00 +00

H(X 1Y)==[ [ p(x,9)log, p,(v/ x)¥xdy = = [ p(x) ] py (v / x)log, p, (v / x)dxdy

—00—00
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‘Mutual information and channel capacity (ll)

source x(t) — (t) = x(e)+n(t)
— “channet |
T py(y/x)=py[x(t)+n(t)]:pN(n)

n(t)

channel capacity: C= m(aic[l (X Y )] bit/sample
plx

STELECOM LAB
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Now the channel and its characteristics are considered. It is assumed that the noise introduced
by the channel is of addictive nature. This means that the channel noise is independent from
the input signal. If py(n) is the probability density function of the addictive noise, one has:

Y/X J.PN 10g2pN( )d

Hence, with reference to the relationship arising between the mutual entropy, the relative
entropy and the conditional entropy, the following is obtained:

I(x,Y)=H(Y)-H(N)

The channel capacity , defined as the maximum of the information that can be transferred is
calculated similarly to the discrete case:

C =max[H(Y)-H(N)|=max[H(Y)]- H(N)

p(x) p(x)
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Channel with addictive gaussian noise

source x(t) | | ¢hannel (f) y(t)=x(t) + n(t)
—_l1

n(t)

channel capacity: C= %log2 27e(S + N)—%log2 27meN = %logz(l +%j (bit/sample)

pace of sampling: 2B C = Blogz(l +£j (bit/s)
—> N

Hartley-Shannon law

STELECOM LAB
2

It is assumed that no distortion is introduced by the channel in the available spectrum B and the
amplitude of the signal is maintained (the attenuation is recovered through an ideal amplifier).
In addition, the addictive noise is supposed to be gaussian between 0 and B, with zero mean
value and average power S = E[X?] fixed.

Since signal and noise are independent, the average power at the output of the channel is:

El?]|=E[x*]+ E[N?]=5+N
The maximum value of H(Y) calculated over p(x) is the obtained when py(y) is gaussian with
zero mean and spectrum uniformly distributed (independent samples).

Hence, p(x) must be gaussian so that, together with the additional gaussian noise, on the
receiving side, a function p(y) is produced which is gaussian by turn.

The values of C in terms of [bits/sample] and [bit/s] are those indicated in the figure.
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‘Spectral efficiency
M symbols
T m bits per symbol; m=log,M
L symbol
7 I
S 1.0 bitrate R =—"(bit/s)
/ symbol
bit 1 T;ymbol 1
Tbit =5~ =
R m mRsymbol
1 bit/s
Spectral efficiency:
BT, | Hz
B: channel bandwidth
1/T,; bit rate N Sszreiecom Las

As said, the information bits are transmitted on the channel by making use of an alphabet
composed by M configurations of waveforms (different phases, amplitudes,..) each configuration
bears m bits, where:

M=2m
The figure represents the elementary liaisons incurring between the bit rate and the symbol period
Tsymbol‘
To increase the bit rate R, the bandwidth assigned to the channel must be increased (Shannon).

A good measure of the bit transmission efficiency is given by the spectral efficiency, which
represents the number of bits per second that can be transmitted per each Hz of the assigned
bandwidth.
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Spectral efficiency (II)

limiting cannel capacity with . . S 1 S
mean signal power S %1_{2 C= 11?1_{130 B-log, 1+ﬁ "2 o
(n, noise spectral power 0
density)
energy E needed to transmit
a single bit %

E, E,

E, =n,-In2=n,-0.693= ~2=0.693 = ~2(dB)=—1.6dB
ny ny

22

The Shannon theorem doesn’t say anything on the encoding scheme that has to be adopted to
reach a given channel capacity.

With a fixed signal power S, the channel capacity grows with the growth of the bandwidth B
assigned to the channel. In spite of that, C is limited. In fact, while B tends to infinity, C tends
to a limited value (figure).

To find the limiting value, an un-defined form has to be resolved (De L’Hospital). Note that the
average noise power can be expressed as the product of the noise spectral density by the band
B.

N=n,-B

The above limit is then:

S
10g(1+BJ | |
C, =1lim l—”o :1im—-lne-(£]:£._
Beo /B B”°°1+i n,) n, In2
n,B

We’ve seen that the Shannon formula holds for an error-free transmission (or assuming an
unlimited possibility of adopting error correction codes); addictive gaussian noise and non
correlated to the signal; a distortion-free (amplitude and phase) channel.

The above limit says that, in order to obtain a given transmission capability with a low spectral
efficiency (C/B —0) a minimum value of E,/n, must be guaranteed.
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Spectral efficiency (III)

Communication efficiency p= i . E = _S = ﬂ
N C n,C n,
C C S C
Shannon formula —=log|1+8-— |=log,|1+— - —
B gz( p Bj gz( 1, C BJ

* S/n, tied to the error probability
» C/B=spectral efficiency 1/(B-T,;) previously introduced,
with R=C (ideal case)

STELECOM LAB
2

A good measure of the communication efficiency in a real system is represented by trhe
product of S/N by B/C. The former factor measures the rate between the mean power of the
signal and the mean power of the noise which is necessary to guarantee a given error
probability. The second factor measures the number of Hz needed for each bit/s. The
communication efficiency is then calculated as indicated in the figure.

In other terms, the communication efficiency is the ratio between the necessary (received)
energy per bit and the spectral noise density.

The minimum value of this energy has been obtained in the case when there are no band
limitations ($=0.693) and using the expression of Shannon for the limit capacity C.

Still through the Shannon formula, the two ratios S/N, and C/B can be put in relation. The
Shannon limit is approached through suitablle modulation techniques that allow to transmit
several bits per symbol (the most suitable modulation technique depends on the value of ).
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Spectral efficiency (IV)

_ M=16
B=E,/n, (dB)
24 +
18 -+
12 T
M=2
6 T .

1/16 1/8 1/4 1/2 C/B (bit/s/Hz)
2 4 8 16
+ -1
2 <——= -1.6dB
24 ggrﬂfcgﬂ LAB

The figure represents the formula obtained in the previous figure. The value of S/N, (hence the
error probability) has been fixed. The upper arc compares the theoretical value of Shannon (the
curve) with the values obtained through some modulation schemes, defined by the value of M
(M 1is the number of modulation levels, able to represent m=log M bits per symbol).

The lower arc represents (in another scale) the ratio E,/n, when no band limits exists. (the value
tends to the limiting value of — 1.6 dB).

The upper arc shows that for great values of the ratio C/B, the increase of 1 bit/Hz requires an
increase of about 3 dB of the ratio E, /n,
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Spectral efficiency

Rayleigh distribution (dynamic conditions):

plp/m)=2p-e"

oc=4m, I

Ez_cxp(—aj-:j—z) rz o p = I"/ \V (o2

STELECOM LAB
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The radio channel induces on the carrier amplitude, frequency and phase modifications. These
modifications are limiting its capability of transporting information.

The interference effect produced through the frequency re-use is measured by the parameter C/I
(Channel to Interference) which measures the ratio between two powers: that of the useful
channel and that of the interference.

When steady state conditions hold, the noise on the channel is a wite noise with gaussian
distribution.

Besides, the channel is subject to the attenuation undergone by the electromagnetic signal.

In dynamic conditions, the Raileigh attenuation (short term) is added (see el- propagation
models).

The Shannon formula represents an upper limit for the channel capacity. The dynamic channel
behaviour is exactly the most important limiting factor.
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Discrete input and continuous output
6 // I
C (bit/symbol) 64 QAM
5
4 16 QAM
3 /’_ 8 PSK _
—
2 4 PSK
/.
1 2 PSK
AT
0 . SIN (dB)
-5 0 5 10 15 20 25 ggTELECON LAB

In the real case, the source is a discrete source which generates a discrete symbol which is by
turn transformed in e.g. the phase of a continuous function. This is transmitted and received as
a continuous waveform.

A discrete input is the translated in a continuous output.

In this case, the joint probability of generating a symbol x; as input function and of receiving a
symbol y as output is:

P(xi7y)=P(xi)pY/X(y/xi)

And the mutual information is calculated as:

N

1(X.Y)= 3 P(x)] Py (v/x)-log, Py (/%)

i=1 le(xi)py/x(y/xi)
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Transmission-modulation

T
s(t) defined over (0,T) with finite energy E = “S(I)‘zdt
0

T o
lifi=
orthogonal signals =) ¥,(?): J‘l//l.(t)-l//j(t)dt—)é‘i’j :<Oifi¢Jj
0

each s(t) may be defined through a linear combination of V/; (f);i = 1,2,..-M
a

M
S(t):ZSk"//k(t) 4
= s, = j s(t)-w, (t)dt

0
s, k=1,2,...M are the coefficient and may be calculated

§= TELECOM LAB
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The transmission objective is to allow the receiver to recognise the signal s;(t) transmitted by
the source of information in the period T. the signal is chosen from time to time among the N
waveforms corresponding to the symbols the source is generating with a given probability.

The digital modulation techniques associate exactly the digital sequences forming a symbol
with a specific waveform. The binary modulation occurs when the modulator associates the 2
binary symbols to two different waveforms.

If k bits are modulated at once in the time T, the modulator applies an alphabet of N = 2k
waveforms: in this case an N-level modulation takes place.

The transmission is said to be coherent if the generated signals are exactly known by the
receiving side (e.g. phase, amplitude). For a non-coherent modulation this knowledge is not
ensured.

To start, the generic signal s(t) defined in the interval (0,T) is represented in some way (e.g.
geometrical or vectorial representation). s(t) may be represented through a complex function. It
is assumed that s(t) has a finite energy.

Let’s consider a set of M signals
v (1), 1=1,.M

The signals are orthogonal in that they obey the conditions reported in the figure. each signal
with a finite energy in (0,T) can be represented through a combination of linear signals
(figure). In this case the set of orthogonal signals is said to be complete.
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Orthonormal representation

M T
a generic signal s(t):  s(f) = ZSil//i (t) +e(t) > E, = Ié‘z(t)dt
i= 0
value of coefficients minimising the error energy: @

8158258 N

min }[Eg] — 5, = ‘T[S(t)-l//l. (t)dt

with error energy = 0:

!

T ) T M D) 2 M 2
.= [lstf ar= [ S bof ar= )
0 i=l1

0 i=l

STELECOM LAB
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In any case, given a set of orthogonal functions w iMtis possible to represent any signal s(t)
with a given error g(t).

If we calculate the coefficients minimising the error energy, the same coefficients s, calculated
for the case of no errors, are obtained. This implies that s(t) can be fully represented through
linear combinations of . y;{

Note that the signal energy s(t) is given by the sum of the squares of the modules of s..
Each signal in (0,T) can then be represented by a vector with M components {s,, S,, S3,... Sy,)-
If s,(t) with i=1,2,..N are the signals to be represented, in (0,T), for each s;(t) holds:

s;(8) = Zsik A0)

Let - be the vector representing s.(t).

The e;lergy of the generic signal is: vale:

M 2
Esi = Z ‘Sik‘
k=1
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Correlation and square distance

scalar product: (l, /) Zslk S i

T

using the definition of §; — (EI.,EJ.)Z Isi (2)-s;()dt
0

(.5) [ s0s,0ar

lati fficient bet S s
correlation coefficient between g and S; \/7\/7 \/7\/7

square distance between §l and EI. ﬂ

J

_j[ () -s,0fdi=E, +E, ~2p,_ [E E,

29

The scalar product of two arrays 5, andis;the sum of the product of their homologous
components. It corresponds to the product of two of the signals described previously and
described by , being theprudlnct integrated between 0 and T (crossed correlation). The
scalar product is proportional to the cosine of the angle between the two arrays.

The correlation coefficient between is defined according to the above product,
normalised over the square roots of the ch@l&s of the two signals.

The quadrat1c distance between in the real case can be expressed in function of the
only energies of the signals given by: and s, is

5 and s,
The above expressions hold for real signals. !
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An example

5,(f) 5,(t) 5,(f) 5,(t) s5(t)
o A e R Y o S I !
Al— Tt A Tt t
86(1) s,(t)
A § T
A Tt Al It

[—

v (1) A0

STELECOM LAB
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The figure represents a set of 9 signals defined in (0,T).
In this case we have a modulation bearing 9 combinations per symbol (32).

All the signals can be represented through just two orthogonal functions:
T
v (0); v, (1) > [w@-y, ) dt =0
0

The array representation on the plane of the coordinates

E;Wz

Characterises each function through a ay,(a point) whose components represent respectively
the coefficients of '//?(?)Igl}ld Wg?}?

This representation is named constellation.

w, (1) and Wzgﬁ)

N(%te that the orthogonal functions OW an unitary energy:

Jwi@ydr=1

: : : , yi() and v, (1)
It is easy to calculate the function coefficient of the functions which

give rise to the various waveforms generated by the source. For instance, for s,(t) we get:
-0 — g4 T
S5 =05 8y = A\[ o)
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Gram-Schmidt algorithm

how to build-up a set of orthogonal functions ¥, (), i=1.M

representing a set of independent functions S; (f); i=1.N
, : A10)

Step 1 vi(t)=s,(); w,(t)= =

. v

i (t)

stepk Wi =5,0-2 5. ¥ w0 v (0=

w, (1) and y, (1) are orthogonal — (¥, %, )= (5,. %, )~ 5,. %, )- (¥, 7, )= 0

31

Starting from set of functions s;(¢); 1=1,.M set of orthogonal functions can be
constructed v, (1) able to generate the original functions

The Gram-Schmidt algorithm runs through N steps. The set of N functions can be constructed
in general through M (M < N) orthogonal functions. If this is possible, the algorithm applied
over N steps will lead to define signals that are linerly dépendent on those
previously generated through the same algorithm. These signals are discarded.

In words, the elementary array __1is calculated by imposing that the signal is the sum
of e its, projections (scalar pfaducts) over 5(1)
w k(1)
Y, ¥,,..Y,
The number M of functions v ( t)needed to represent all the signals 5,(0): is :S;il,(.i.N

dimension of the set of signals.
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Optimal decision

source{xi} transmission | s(t) y(t) xi}
— channel >+ > receiver —

. AWGN

i=1,2,..N

n(t)

S-S0 0)

k=1

addictive noise function: the sum of
* a noise portion which can be represented
through the base of orthogonal functions v, (¢)
* a noise portion n’(t) which cannot be
embedded in that representation

n,: a gaussian variable with average=0 and

variance o2 = E{nkz }: n, /9

STELECOM LAB
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Let’s suppose that the following is verified in the communication channel of the figure:
* no distortion is introduced by the channel
+ the noise is addictive, i.e. independent from the input signal

* the noise can be represented by a gaussian statistic with zero-mean and bilateral power
density equal to n,/2 where n, is the spectral density of the noise and is given by kT
[W/Hz] (k: Boltzman constant; T: absolute temperature).

The noise can be decomposed according to the scheme of figure. the component n’(t) cannot be
represented with the base hence ié”@ﬁl)logonal to all the signals generated by the source.
For this reason, just the noise component which can be represented through the base is
affecting the result on the receivi’ﬁg@de, where the receiver correlates the received signal with
all the source signals s;(t).

The components n, of the noise are random variables with zero mean and variance:
n
2_"o

2

(o2

(the proof is omitted). Moreover, they are independent.
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The binary case
received signal: y(t) =5, (l‘)+ n(t); i=12

if y(¢)=s,(¢)+n(t) > the components of y(¢) are:
Vi = So 1
E[yk ] = Sok

if y(¢)=s,(¢)+n(t) > the components of y(¢) are:
Vi = Sy Ty
E[yk] =Sk

33

The joint distribution of the y,s conditioned to the event that the source ha transmitted s;(t) is
the product of the marginal gaussian distributions (see the figure):

p(f/s,.a)):( J—)”a exp(‘1 Z\yk j

On the basis of these probabilities, the receiver must assume a decision.

In particular, it is needed to decide if, being y(t) the received signal, the source transmission
has been either s (t) or s,(t). This a posteriori probability can be calculated in function of the
above conditional probability.
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‘ Optimal decision for the binary case

{ decision for {x,}: p(S0 (t)/ )7) > p(S1 (’f)/ J_’)

Qdecision for {x,}: p(Sl (t)/ ) > p(SO (f)/ )_/)
maximum likelihood criterion

receiver decision for {x,}: ﬂ

IJ’(t)-SO(t)dt—% > Iy(t).sl(t)dt_%

STELECOM LAB
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<

The a posteriori probabilities
pls,(t)/ ¥)e pls,(¢)/ 7)

Can be calculated (Bayes theorem) in function of the a priori probabilities:

p(}/so(t))e p(y/sl(t))

For instance, for s (t) the following is obtained:

p(s,(t)/ 7)= p(775,(2))- P(x,)

p(7)

The above expression is used to calculate the decision criterion in function of the a priori
probability. The receiver decides for {x,} if:

P(So(t)/)_’) p(J_’/So(t))'P(xo) >1

p(Sl(t)/)_’) P()_’/Sl(t))'P(xl)

p(3/5,(t)> p(3/5,(1))

which becomes, when P(x,) = P(x,) = %
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The binary receiver
(correlation mechanism)
T
(%) T () %
O B S Znrin
y(t)_. S4(t) E,/2 — i
r So(t) _ E,/2 decision
o D |
— | —®—r
0 T
T E, ¢ E
receiver decision for {x,}: jy(t)- Sy (t)d —70 > jy(t)' S, (t)d —71
0 0
- §=TELECQ_{L? LAB

Starting form the case of uniform probabilities and reminding that in this case the decision is
assumed on the basis of the criterion:

p(J_’/So(t))> p(J_’/Sl(t))

with reference to the joint distributions considered for y, the criterion can be written as:

M 2 M 2
2= ol <20 v = sud
k=1 k=1

Developing the squares and keeping in mind that:

2%% = Iy(t)S,(t)dt

The criterion becomes that indicated in the figure:

_IJ/(t).so(t)dt—% > Ey(t)_s1 (t)dt—%

The scheme refers to the receiver in case of a binary modulation of the kind described and
realises exactly the decision criterion.
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Error probability : T)f value V,
max Si
In case the source has transmitted s(t) treietan |

error probability P = pr(Vl -V, ) >0 ®_/>/._,
value V,

V4 T
P -0 \/El +E, —jp,/ElEo

2n,

two signals with the
same energy

PQ=Q{ —E”(I“’)} SRS

36

The calculus of the error probability utilises the results already obtained in the previous steps.

The two decision variables in case sy(t) is transmitted, are represented in an array form through
two arrays. The distance is: 5, ed s,

T
s = [lso)=5,(OF dt =E, +E, -2p.[E, -E,
0

Since s,(t) is the transmitted signal, there is a n error on the receiving side when the resulting
array falls in the domain formed by all the points having a distance from s, lower
with respect to that’fr6fh s,:

dy’gl < dj}’go
This happens whenever the array %roj ected over the line r depicted in figure overcomes
the distance:

d’s,s /2

Being the noise a gaussian random variable with zero mean and variance 6* = n,/2, the
formula in figure holds for the error probability. In this formula:

1 z

Q(x) = T2n {e_zdz
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An example of binary signal: FSK

Two frequencies located on the sides of a
central frequency f_ are used: S (t) =4 COS[27Z(fC +J4 ) t]

o 1l 3(0)= Acosl2(f. — £,)1]

B

¢ modulation index: 2f, T

A 1]
4

0o 5 1 2 3, " 5 ESFTELECOM LAB

This kind of modulation utilises signals of the same energy with different frequencies.
Being a binary modulation, for the error probability, we have:

E\l1-p
n,

-d
The correlation coefficient is:

P =é].Acos[27r(fc + £, )t] Acos[27r(fc -1, )t]dt

and it can be approximated by:

_sindnf,T
Anf, T

The behaviour is reported in figure in function of the ratio between the maximum excursion of
the frequency and the frequency of the symbol 1/T (modulation index). The modulation index
results 2f;T.

The error probability assumes its minimum value with a modulation index equal to 0.7. The
intersections of the curve with the abscissa represent the points where two source functions are
orthogonal (p=0).
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